
~ ICTP Summer School -
zuture

Kuntserich invariants
& configuration spaces

June 2
,
2025



⑭homeomorphism
into the imageLet Y

,
X be compact creted mooth manifolds. S & injective derivatives O·Et·⑧

2

Jet Emba (Y
.

X) Ce the space of mooth embeddings X that are fixed on the boundary
-To = conn. comp = elb . /isotopyGOAL : understand top properties of Eurba (Y

,

X
-ik = K-param. Face of eub. up to deformation
Hi

For n21 let Cantn X := G ... aLEX" : citoitj] X" be the noth configuration space of X

IDEA : define invariants of embeddings by scanning them by configurations ofn points /for n large enough

INSTANCE I : Emb (D! DPL - Vasiliev/ finite type unot theory a Gusarov-Hasio caspers

MAIN FOCUS OF
INSTANCE It: Diffo(D") - Watanabe's classes

THIS LECTURE SERIES

INSTANCE I: EmbolD!X) - grasper
ecleddingtanim

For all we will see the same pattern :

explicia - configuration space integrals of Konteriou
,

Bott-Tables
...

↓
I casperconsi embedding calculus of Goodwillie- WeinsKlein

graphs# Watanale's constr



leaves⑫
# s The graphs .

Abstract : uni-trivalent trees with orderedret of univalent vertices T = X
⑧

↑ YYwith degt := #leaves 8 v

calledD Planarembedaa Ydes
-

the root leaves i+uniV.embedded : fur a fixed knot U :D.
n - 1 1Tir-

edges zn-135we embed G:PD so that GrU = G(surival vert .3)
and the order on W matches their order in M

.

⑦ all edges are framed ,

i

.e. thickened into bands. using blackboard framing .

⑤ The construction . Given G : T <B on V we associate to it a framed link Lg with 2#E-components as follows .

: 0

-vertices :
/

.

so haveand I-I
·

T ->&
2 - *edges :

- or-

Hef. Surgery on Valong G is the knot Ug = DYgED obtained as the result of (trial) eurgery on LgEB

That is : D := (DLg(NSD) v WBxs'
,

so that: UED? D and let Ug := Q (U).6v tracing 6
G GI drill out Ly and glue bam using the family

exercise
. = S ?Surgery on

def .

A unot K :D -D is nequivalent to U
,

written KunU
,
if IG :TcDo U

St
. K= Vg & degt= n.



s examples . ⑬

ToElb(D!Dy = (v)n = 1 ·...· O

⑧

S

·

...
exercise

.
This is the right-handed trefoil 31.·⑧

-
Twist on are leat edge gives figorenot he

=⑭ T Embo (D!DY = [v]·

·
.

.··n = 2
⑧ o

Moreover : To Embo (D!DY= gen . by

3, or 41
.

5 THM (Kontreviou 'S3
,

additive vers. Habiro'00
,

Gusarov '00
,

Conaut-Teichner 'on]
②72n+ 1 1,3

.
Tree

ToEmbo(DIDYun
Venezu= A Q

①

↑surj. human. # ③Ranti Here Areof abelian
I [P]

groups
W

⑪ [[Treen] 2 constructed

over kompingintegratinaSpaces

Tor
. ToEmb(DDYQQ

---

STU
?



⑭connected

# The graphs .
Abstract : trivalent graphs with orderedset of edges =

6 degT = 3 #V = 2#Ewith degt := #V

embedded : fur a fixed 4-manifold X we embed g :<X- &X

additionally all edges are framed ,

i

.e. thicnessed into Bands
.

⑤ The construction . Given G :TcX we associate to it a family of framed linke Let for te [0
,
]der

each with 2 . #E components (#E circles S' #E Spheres S2) as follows .

IR" = RAP-Eg
-

FORMULA :Itype xYz·
x = 0((y)+ 1zk = 1k,

vertices: -Borr . link in 4-space
2-Type y =0 y(zk+ (x)= 1k"

z =0 f(x)+ 13) = 1k
K2

edges : 2 Ex or E X

o

Hef. surgery along G is the map
S> BDfX obtained as the result of eurgery on Ly X

Yet
that is : XL = (X-Lg(SSD) Wang (EPYS2)r(WDxst -star
? Fiore Goundles over a space" with fire X and structure group G = Huneo (X) are classified by [Y .

BG]
examples : so (4) = 0() = Diffeo(IS) =HumolR4) for landles with fire X= R.

& think of a point PE BDMA(X) as a manifold that is diffromorphic to X / Get achoice unspecified)
(ERP)



⑮
⑤example .· porcin
S THM (Watanale 19

.
'22] For X = S"we have :

②72n even

TnBDrft(X) > An & Q
① wat(G) 2n(Vy) = (T)

a human. 412 # ③
Here Aberranof

abelianas [P]

2Grapheven] Z constructed using integrationn

for
. TBDHo(X)@Q -> evenQ over (compactified config. spaces

AS : if t'is says a T

except has edge order

Thu [Botrinnik-Watanabe23] 7 Ag .
t : S'2X#553 UteS" permuted by an odd permutation :

isotypic to S'xpt = ) r = - T

S
. t.

wat (G) : S"- BDM(X) is homotopic to

S- BDo
.

(X * 1) -BDrA(X) IHX:=.%

Ag. 2-handle

#handle D


